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• We can impose principles on data representations

• We can extract principles from learned data representations





• Equivariant representations are awesome!

• Equivariance is a strong constraint on representations.

• How does equivariance affect the expressivity of models?



Question: Assign random (+1, -1) labels to each “object orbit”. What fraction of such assignments are 

realizable by a linear classifier?

     Feature Map



Notation and Setup

Object
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Feature map (can be anything)
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r(x) 2 RN
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r(gx) = ⇡(g)r(x)
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⇡ : G ! GL(RN ) Matrix representation

𝑃 objects
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xµ, µ = 1, . . . , P
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{⇡(g)r(xµ) : g 2 G} 𝑃 orbits or manifolds
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yµ 2 {�1, 1} labels
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yµw>⇡(g)r(xµ) > 0Dichotomy is linearly separable is there exists a 𝐰 such that                                           for all                and  
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g 2 G
<latexit sha1_base64="Zs5N+0VeV/NQRrRA+5Tg1qSbmhg=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4CjPikmPAi8cIZoGZIfR0epImvQzdNUII+QwvHhTx6td482/sJHPQ6IOCx3tVVNVLMsEt+P6XV1pb39jcKm9Xdnb39g+qh0cdq3NDWZtqoU0vIZYJrlgbOAjWywwjMhGsm4xv5373kRnLtXqAScZiSYaKp5wScFIYyRxHXOGwFferNb/uL4D/kqAgNVSg1a9+RgNNc8kUUEGsDQM/g3hKDHAq2KwS5ZZlhI7JkIWOKiKZjaeLk2f4zCkDnGrjSgFeqD8npkRaO5GJ65QERnbVm4v/eWEOaSOecpXlwBRdLkpzgUHj+f94wA2jICaOEGq4uxXTETGEgkup4kIIVl/+SzoX9eC6fnV/WWs2ijjK6ASdonMUoBvURHeohdqIIo2e0At69cB79t6892VryStmjtEveB/fWe6QoQ==</latexit>

µ 2 [P ]



+1
+1

−1

Separating hyperplane

−1

−1
+1

Perceptron Capacity  and Cover’s counting theorem (c.f. VC Dimension)

• Perceptron capacity — the fraction of possible 
labelings (+1 or -1) of points such that there exists a 
hyperplane passing through the origin where every 
+1 point is on one side and every -1 point is on the 
other.

• For 𝑃 points (in general position) this is known and is 
given by 

where 𝑁 is the number of neurons/dimensions.

Cover, Thomas M. “Geometrical and Statistical 
Properties of Systems of Linear Inequalities with 
Applications in Pattern Recognition.” IEEE 
Transactions on Electronic Computers (1965)
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Perceptron Capacity  and Cover’s counting theorem (c.f. VC Dimension)

• Perceptron capacity — the fraction of possible 
labelings (+1 or -1) of points such that there exists a 
hyperplane passing through the origin where every 
+1 point is on one side and every -1 point is on the 
other.

• For 𝑃 points (in general position) this is known and is 
given by 

where 𝑁 is the number of neurons/dimensions.

• 𝑃 = 𝑁 is the VC (shattering) dimension

𝑃,𝑁 → ∞

𝑁 = 5, 20, 100
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Cover’s theorem: 

−1

+1

Main Result

<latexit sha1_base64="BRsRF9Umz9mJc+wiYSZBGBKJASo="></latexit>

f(P,N) = 21�P
N�1X

k=0

✓
P � 1
k

◆

−1

+1

𝜋(𝑔)𝑟(𝑥)

𝜋(𝑔!)𝑟(𝑥)

𝑟(𝑥)

Our main theorem (informal): for 𝑃 orbits, the fraction of labelings that 
are linearly separable is 𝑓(𝑃, 𝑁') where 

𝑁' = dimension of the minimal subspace spanning the centroids of the 
orbits (blue line) 
       = number of trivial irreducible representations
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N0 = rank(h⇡(g)ig2G)



Key Lemma

(Informal): Orbits are linearly separable iff their centroids are separable.

Proof of main theorem results from decomposing the representation into irreducible 
representations and noting that only trivial irrepresentations average to zero due to 
Schur orthogonality relations.



Proof of Key Lemma



𝑁' = 0

𝑓(2,0) = 0

𝑁' = 1

𝑓(2,1) = 0.5



• Convolutional neural network

• A version of VGG-11 trained on CIFAR-10

• For each convolutional layer 

𝑁' = #channels used in the  layer (proof in paper)

Input image

Conv block 1

3x3 Conv2d ReLU MaxPool

Conv block 2

3x3 Conv2d ReLU MaxPool ⋯

𝛼 = 𝑃/𝑁!

𝑓(
𝛼)

Circular convolutions

Application to Convolutional Neural Networks



• Average pooling: capacity unaffected

• Max pooling: capacity reduced (lower bound in the paper)

Pooling



• Neural networks have many trainable parameters

• This work views the capacity of these models from a new perspective by taking into account 
symmetries

• Group-invariant perceptron capacity of CNN layers scales with the number of channels in 
the layer

• Relevant in many situations such as

• Group-Convolutional neural networks and related models

• Neural representations in the brain

• Designing architectures (higher/lower capacity)

Summary



arXiv:2301.11375



Can we recover useful geometric priors by studying highly performant neural 
networks?



Setup: Representations as Riemannian Manifolds



𝒟
ℳ

feature map 𝚽

data manifold 𝒟
dim𝒟 = 𝑑

ℋ

representation space ℋ
dimℋ = 𝑛

representation manifold ℳ = 𝚽 𝒟 ⊆ ℋ



Burges, Adv. Kernel Methods 1999; Amari & Wu, Neural Networks 1999; Cho & Saul, arXiv 2011; Hénaff & Simoncelli, ICLR 2016,
Hauser & Ray, NeurIPS 2017; Benfenati & Marta, Neural Networks 2023

Given two infinitesimally separated points 𝐱, 𝐱 + 𝑑𝐱 ∈ 𝒟,
 

	 𝑑𝑠" = 𝚽 𝐱 + 𝑑𝐱 −𝚽 𝐱 "

	

	 = 2
#,%,&

𝜕Φ#

𝜕𝑥%
𝜕Φ#

𝜕𝑥& 𝑑𝑥
%𝑑𝑥&

	 = 2
%,&

𝑔%&𝑑𝑥%𝑑𝑥&

If the pullback metric 𝑔*+ is positive-definite, ℳ,𝑔  is a Riemannian manifold
This opens the door to many analyses, including
• Volume form on ℳ,𝑔  is 𝑑𝑉, = det 𝑔 𝑑𝐱 
• From the metric, we can compute the intrinsic curvature of ℳ,𝑔  
• We can compute geodesic paths between examples (as in Hénaff & Simoncelli)

Importantly, all these quantities are computable using automatic differentiation, at least in principle

Induced Metrics
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Given two infinitesimally separated points 𝐱, 𝐱 + 𝑑𝐱 ∈ 𝒟,
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.
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./"
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Induced Metrics



Amari & Wu, Neural Networks 1999

𝑘 𝐱, 𝐲 ↦ ℎ 𝐱 ℎ 𝐲 𝑘 𝐱, 𝐲

ℎ 𝐱 = 2
𝐯∈)* +

𝑒,
𝐱,𝐯 "

"."

𝑥/

𝑥"

Idea: larger det 𝑔  near decision boundaries → better discriminability of classes 



Hypothesis: Deep neural networks trained to 
perform supervised classification tasks using 
standard gradient-based methods learn to 
magnify areas near decision boundaries. 



Technical note: this is a MLP with a single hidden layer of 20 sigmoid-activated units.



Technical note: this is a MLP with a single hidden layer of 2000 sigmoid-activated units.

To visualize, interpolate between images in pixel space

MLP on MNIST



Technical note: this network has GELU activations, and we’re now using CIFAR-10. Also, this is the last hidden layer’s feature map.

ResNet-34 on CIFAR-10



Little bit of theory
We can make some progress on understanding these findings in shallow and wide neural networks

<latexit sha1_base64="JrMxZ5+DQ7u51RNMaAp4J62Yi2w="></latexit>

�j(x) =
1p
n
�(wj · x+ bj)Feature map:

Consider infinite width 𝑛 → ∞ with                                                                                   then at initialization:
<latexit sha1_base64="u+4isarwlwQxfmydJeF2HasSkIA="></latexit>

wj ⇠i.i.d. N (0,�2Id), bj ⇠i.i.d. N (0, ⇣2),

Metric:
<latexit sha1_base64="zCxi65jhqEEHoS3vRcxKzpUwhz8="></latexit>

gµ⌫ =
1

n

X

j

�0(zj)
2wjµwj⌫

<latexit sha1_base64="I+uk36E7ObyxSNM9FVH/DhZ6uqg=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARBKEkUi/LohuXFewFmhImk0k7dnJxZlKtIS/ixldx40IRF27Et3HSBtHWAwM/338Oc87vRIwKaRhfWmFufmFxqbhcWlldW9/QN7eaIow5Jg0cspC3HSQIowFpSCoZaUecIN9hpOUMzjO/NSRc0DC4kqOIdH3UC6hHMZIK2Xr13k6uU2iRm5gOoeUj2Xe85DadUOyG8gfepfAAOplh62WjYowLzgozF2WQV93WPyw3xLFPAokZEqJjGpHsJohLihlJS1YsSITwAPVIR8kA+UR0k/F1KdxTxIVeyNULJBzT3xMJ8oUY+Y7qzDYV014G//M6sfROuwkNoliSAE8+8mIGZQizqKBLOcGSjZRAmFO1K8R9xBGWKtCSCsGcPnlWNA8r5nHl6LJarp3lcRTBDtgF+8AEJ6AGLkAdNAAGD+AJvIBX7VF71t6090lrQctntsGf0j6/AYe0os4=</latexit>

zj ⌘ wj · x+ bj

<latexit sha1_base64="66spd8yjVeKZu7Rcnv0D510qcTY="></latexit>

gµ⌫ = e⌦(kxk2)[�µ⌫ + 2⌦0(kxk2)xµx⌫ ]
<latexit sha1_base64="VExhxqyxOrTkEIdt+e7cRITh19c="></latexit>

e⌦(kxk2) = �2E[�0(z)2], z ⇠ N (0,�2kxk2 + ⇣2)

<latexit sha1_base64="fzNQ3C96Zq1KjgHFZpArbLSEq4g="></latexit>

det g = e⌦d(1 + 2kxk2⌦0)
<latexit sha1_base64="Tt5bpG8G8nnBqeXQ/zfTZ3CYbXE="></latexit>

R = �3(d� 1)e�⌦(⌦0)2kxk2

(1 + 2kxk2⌦0)2


d+ 2 + 2kxk2
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Little bit of theory
To see how the geometry of the pullback metric changes during training, consider a Bayesian neural 
network, i.e. we fix isotropic standard Gaussian priors over weight, and choose likelihood

<latexit sha1_base64="We0FkBy/0ue3EwnBEsDHAvp+7uE="></latexit>

p({(xa,ya)}pa=1 |W,V) / exp

0

@��

2

pX

a=1

�����
1p
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i=1

vi�(wi · x)� ya

�����

2

2

1

A

<latexit sha1_base64="Ounxgkt5liuLPSLbY5aPnINAiK0="></latexit>

h
p
det gi

p
det ḡ

= 1 +
1

n

✓
y2a

kxak
4
� 1

◆✓
4

3
⇢4 + (d+ 2)⇢2 + 1

◆
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✓
1

n2

◆

<latexit sha1_base64="VbbQ11bF5j/R7nO9d84VfiYy/J8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREfC2LblxWsA9oQ5hMJ+3QySTMTMQSsnTjr7hxoYhbP8Gdf+MkjaDVAwPnnnMvc+/xIkalsqxPozQ3v7C4VF6urKyurW+Ym1ttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjy8zv3BIhachv1CQiToCGnPoUI6Ul19yt9QOkRp6f3KVugtLD73KSlweuWbXqVg74l9gFqYICTdf86A9CHAeEK8yQlD3bipSTIKEoZiSt9GNJIoTHaEh6mnIUEOkk+SEp3NfKAPqh0I8rmKs/JxIUSDkJPN2ZrSlnvUz8z+vFyj93EsqjWBGOpx/5MYMqhFkqcEAFwYpNNEFYUL0rxCMkEFY6u4oOwZ49+S9pH9Xt0/rJ9XG1cVHEUQY7YA/UgA3OQANcgSZoAQzuwSN4Bi/Gg/FkvBpv09aSUcxsg18w3r8AjUqaVQ==</latexit>

(xa,ya)For a quadratic activation function and interpolating a single training example

<latexit sha1_base64="YXKouklxQRQk4ChOhZJAu1Svzao=">AAACRXicbZBLSwMxFIUzPmt9VV26CRahbuqM+NoIRTcuK9gHdErJpJk2NDMZkjtiGfrn3Lh35z9w40IRt5rpdFFbLwQO37mXe3O8SHANtv1qLSwuLa+s5tby6xubW9uFnd26lrGirEalkKrpEc0ED1kNOAjWjBQjgSdYwxvcpH7jgSnNZXgPw4i1A9ILuc8pAYM6BddVfYmvsBsQ6Ht+8jjqJGSEXdqVMAXxMS65daZgrjGDM1YGjjqFol22x4XnhTMRRTSpaqfw4nYljQMWAhVE65ZjR9BOiAJOBRvl3ViziNAB6bGWkSEJmG4n4xRG+NCQLvalMi8EPKbTEwkJtB4GnulMD9WzXgr/81ox+JfthIdRDCyk2SI/FhgkTiPFXa4YBTE0glDFza2Y9okiFEzweROCM/vleVE/KTvn5bO702LlehJHDu2jA1RCDrpAFXSLqqiGKHpCb+gDfVrP1rv1ZX1nrQvWZGYP/Snr5xfA9LJx</latexit>

⇢ = xa · x/(kxakkxk)



Do deep networks learn to magnify areas near 
decision boundaries?

Yes!
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